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Abstract Schmithu¨sen proved in 2004 that the Veech group of an origami is
closely related to a subgroup of the automorphism group of the free group F2. This
result is significant in the sense that the framework of approachable Veech groups is
greatly extended. In this paper, we continue the analysis and consider what kind of
settings of flat surfaces allow Veech groups to be characterized combinatorially like
origamis. We show that elements in the Veech group of a flat surface with two finite
Jenkins-Strebel directions are characterized to allow a concurrence between two
‘origamis’ defined by geodesics in the surface. In the proof we use an observation
presented by Earle and Gardiner that a flat surface with two finite Jenkins-Strebel
directions is decomposed into a finite number of parallelograms and is proved to be
of finite analytic type. Using our results we can decide whether a matrix belongs
to the Veech group for various kinds of flat surfaces of finite analytic type.
Keywords Flat surfaces · Veech groups · Origamis · Teichmu¨ller spaces
1 Introduction
In this paper we consider Riemann surfaces of finite analytic type. A pair (R,φ)
of a Riemann surface R and a holomorphic quadratic differential φ on R is called
a flat surface [16] (also called a half-translation surface). For a flat surface we can
define the notion of local ‘affine’ geometry including a flat metric, straight lines,
directions, etc. This notion appears in the Teichmu¨ller theorem which says that
every point in the Teichmu¨ller space T (R) is represented by an affine deformation
with minimal dilatation of the base point equipped with a holomorphic quadratic
differential φ on R. The collection of all affine deformations of a flat surface (R,φ)
gives an isometric embedding H ↪→ T (R) of the upper half plane H and its image
∆(R,φ) ⊂ T (R), called the Teichmu¨ller disk.
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The Veech group Γ (R,φ) of a flat surface (R,φ) is the group of derivatives of
all self affine deformations of (R,φ). This group is a discrete subgroup of the group
PSL(2,R) acting on the upper half plane H as a group of Mo¨bius transformations.
There is a correspondence between this model and the projected image C(R,φ) of
∆(R,φ) in the moduli space M(R) of Riemann surfaces via the natural projection
T (R)→M(R). Veech groups originally have been studied in the context of billiard
dynamics and the geodesic flow on billiard tables [16].
As necessary we consider a ‘square-tiled’ flat surface, a concept that comes
from finite copies of the Euclidian unit square and their natural coordinates. Such
a surface is identified by a combinatorial data representing how squares adjoin
each other, we call this data an origami. In this case each point in ∆(R,φ) with a
parameter τ ∈ H can be seen as the surface given by deforming the Euclidian unit
square to a parallelogram of modulus τ .
Schmithu¨sen [13] proved that the Veech group of an origami is closely related
to a subgroup of the automorphism group of the free group F2. This observation
gives a computable characterization of the Veech group as a subgroup of the group
PSL(2,Z) of finite index. So for any origami, C(R,φ) is an algebraic curve defined
over the algebraic number field Q¯, called an origami curve. The action of the
absolute Galois group Gal(Q¯/Q) on origami curves are observed by Mo¨ller [11].
He proved that origami curves form geometric components of a Hurwitz space
defined over Q¯ and that the Galois actions on origami curves and origamis are
‘compatible’. With this result he also gave an another proof of the inclusion of
Gal(Q¯/Q) in the Grothendieck-Teichmu¨ller group. Origamis have been studied in
the context of Teichmu¨ller theory and number theory. (See for instance [6], [7], [8],
[10], and [12].)
In this paper we approach flat surfaces from general settings. We consider
what kind of settings allow Veech groups to be characterized combinatorially like
origamis. In section 3.1 we see that two finite Jenkins-Strebel directions θ1, θ2 of
a flat surface (R,φ) induce a unique decomposition of R into finite numbers of
parallelograms. This observation was already discussed in [2]. As we will state in
section 3.2 there is an action of F2 to signed parallelograms defined by geodesics
in the directions θ1, θ2. This action is identified with an origami.
In section 3.3 we will see that a flat surface (R,φ) with two finite Jenkins-
Strebel directions (θ1, θ2) is uniquely determined by the decomposition into par-
allelograms, called the P-decomposition P (R,φ, (θ1, θ2)), which consists of data of
angles, a list of moduli, and an origami. Variations of a P-decomposition under
affine deformations are observed as the variations in the plane, which can be seen
as a free action of derivatives of self affine deformations. As a result the comparison
between the initial P-decomposition and the terminal decomposition determines
the existence of an affine map with given derivative.
For a flat surface (R,φ) we denote the set of Jenkins-Strebel directions by
J(R,φ). We define an action A ∈ PSL(2,R) on angles, parallelograms and P-
decompositions by the variation of them in the plane under an affine map with
derivative ±A. With these notations the main result is stated as follows.
Theorem Let (R,φ) be a flat surface of finite analytic type with two distinct
Jenkins-Strebel directions θ1, θ2 ∈ J(R,φ). A ∈ PSL(2,R) belongs to Γ (R,φ) if
and only if Aθ1, Aθ2 belongs to J(R,φ) and A · P (R,φ, (θ1, θ2)) is isomorphic to
P (R,φ, (Aθ1, Aθ2)).
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2 Preliminaries
2.1 Flat structures and Veech groups
Let R be a Riemann surface of finite analytic type (g, n) with 3g − 3 + n > 0.
First we give some definitions related with the flat structures [16] on Riemann
surfaces, which are always defined by their quadratic differentials. We present
some definitions and properties describing ‘affine deformations of a flat structure’.
For details, see [2], [5] for instance.
Definition 2.1 Let Ri (i = 1, 2) be Riemann surfaces homeomorphic to R.
(a) A homeomorphism f : R → R1 is quasiconformal mapping if f has locally
integrable distributional derivatives fz, fz¯ and there exists k < 1 such that
|fz¯| ≤ k|fz| holds almost everywhere. We denote the group of quasiconformal
mappings of R onto itself by QC(R).
(b) We say two quasiconformal mapping fi : R → Ri (i = 1, 2) are Teichmu¨ller
equivalent if there is a conformal map h : R1 → R2 homotopic to f2 ◦ f−11 :
R1 → R2.
(c) We define the Teichmu¨ller space T (R) of Riemann surface R as the space of
Teichmu¨ller equivalence classes of quasiconformal mappings from R. We define
the mapping class group Mod(R) by the group of homotopy classes of every
element in QC(R).
(d) For f ∈ QC(R), we define ρf : T (R) → T (R) by [g] 7→ [g ◦ f−1] for every
quasiconformal mapping g from R. Now the homomorphism QC(R) 3 f 7→ ρf
factors through Mod(R). We define the moduli space M(R) by the quotient
T (R)/Mod(R).
Definition 2.2 A Beltrami differential µ on R is a tensor on R whose restriction
to each chart (U, z) on R is of the form µ(z)dz¯/dz where µ is a measurable function
on z(U).
We define a norm of a Beltrami differential µ by the essential supremum of |µ(z)|
where (U, z) runs all charts on R and µ is locally represented as above definition. A
Beltrami differential whose norm is less than 1 is called a Beltrami coefficient and
we denote the space of Beltrami coefficients on R by B(R). From the measurable
Riemann mapping theorem we see that for any µ ∈ B(R) there exists a unique
quasiconformal mapping from R whose Beltrami coefficient µf equals to µ. So we
define Φ : B(R)→ T (R) by Φ(µ) := [f ] where µ = µf .
Definition 2.3 A holomorphic quadratic differential φ on R is a tensor on R
whose restriction to each chart (U, z) on R is of the form φ(z)dz2 where φ is a
holomorphic function on U .
Let p0 ∈ R be a regular point of φ and (U, z) be a chart around p0. Then φ
defines a natural coordinate (φ-coordinate) ζ(p) =
∫ p
p0
√
φ(z)dz on U , on which
φ = dζ2. φ-coordinates give an atlas on R∗ = R \ Crit(φ) whose any coordinate
transformation is of the form ζ 7→ ±ζ + c (c ∈ C). Such a structure, which is
a maximal atlas whose any coordinate transformation consists of half-turn and
translation is called a flat structure on R∗. A flat structure (or such an atlas)
on R∗ determines a holomorphic quadratic differential φ = dζ2 on R. We define
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a norm of a quadratic differential by the surface integral on R with the natural
coordinates and denote by ‖ · ‖. The space A(R) of quadratic differential of finite
norm on R is known to be a vector space of complex dimension 3g− 3 + n. In the
following we take φ ∈ A(R) and assume R = R∗ by puncturing at the points of
the discrete set Crit(φ) ⊂ R if necessary.
Remark 2.4 For a Riemann surface R0 of type (g, n) the Teichmu¨ller space
T (R0) is a complex manifold of dimension 3g − 3 + n which is homeomorphic
to the unit ball in C3g−3+n. For [R, f ] ∈ T (R0), A(R) is known to be the cotan-
gent space T[R,f ]T (R0) which is a complex vector space of dimension 3g − 3 + n.
Fix a holomorphic quadratic differential φ on R satisfying ‖φ‖ = 1. It gives
the Beltrami differential φ¯/|φ| whose restriction to each chart (U, z) is ¯φ(z)/|φ(z)| ·
dz¯/dz. For each t ∈ D, tφ¯/|φ| ∈ B(R) and thus the map D 3 t 7→ [ft] ∈ T (R) is
well-defined. In fact this defines a holomorphic, isometric embedding with respect
to the Poincare´ metric and the Teichmu¨ller metric (see [4]). We call this embed-
ding ιφ : D ↪→ T (R) the Teichmu¨ller embedding and its image ∆φ = ιφ(D) the
Teichmu¨ller disk.
Definition 2.5 Let R,φ be as above.
(a) For A =
(
a b
c d
) ∈ SL(2,R), we define TA : C→ C by ζ = ξ + iη 7→ (aξ + cη) +
i(bξ + dη). (The derivative of TA equals A.)
(b) A quasiconformal homeomorphism f : R→ R is called an affine map on (R,φ)
if f is locally affine (i.e. of the form f(ζ) = TA(ζ) + k) with respect to the
φ-coordinates. We denote the group of all affine map on (R,φ) by Aff+(R,φ).
(c) For each f ∈ Aff+(R,φ), the local derivative A is globally defined up to a factor
{±I} independent of coordinates of uφ. We call the map D : Aff+(R,φ) →
PSL(2,R) : f 7→ A¯ the derivative map and its image Γ (R,φ) := D(Aff+(X,φ))
the Veech group.
(d) Let R be a Riemann surface of finite analytic type and φ be a non-zero, inte-
grable, holomorphic quadratic differential on R. We call such a pair (R,φ) a
flat surface. We say that flat surfaces (R,φ), (S, ψ) are isomorphic if there is a
conformal map f : R→ S such that φ = f∗ψ.
Remark 2.6 Let two flat surfaces (R,φ), (S, ψ) be isomorphic with f : R → S
as above definition. Then f is locally affine with respect to φ-coordinates and
ψ-coordinates with derivative [I] ∈ PSL(2,R).
Lemma 2.7 ([2, Theorem1]) Let (R,φ) be a flat surface and f ∈ QC(R). Then
ρf maps ∆φ onto itself if and only if f is homotopic to an element in Aff
+(R,φ).
Furthermore in this case, ρf (Φ(tφ¯/|φ|)) = Φ(D(f)∗(t)φ¯/|φ|) for each t ∈ D where[
a b
c d
]∗
(τ) := −aτ+bcτ−d for τ =
√−1· 1+t1−t ∈ H.
Recall that the Veech group Γ (R,φ) is the group of derivatives of elements in
Aff+(R,φ). Lemma 2.7 says that how the Teichmu¨ller disk ∆φ projects into M(R)
can be seen from Γ (R,φ) acting on H. It is first observed by Veech [16] that Veech
group is a discrete group. The Veech group determines the projected image Cφ of
∆φ in M(R) in the sense that Cφ is isomorphic to the mirror image of H/Γ (R,φ)
as an orbifold. If Γ (R,φ) has a finite covolume then Cφ can be seen as a Riemann
surface of finite analytic type, called the Teichmu¨ller curve induced by φ.
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Remark 2.8 For a flat surface (R,φ) if
√
φ (whose restriction to a chart (U, z)
is
√
φ(z)dz) gives an Abelian differential on R then we can take the subatlas of
uφ so that all coordinate transformation is of the form ζ 7→ ζ + c (c ∈ C). We call
such a structure translation structure and such φ Abelian.
In Abelian case the derivative map is well-defined onto SL(2,R) and the Veech
group Γ (R,φ) is defined to be a subgroup of SL(2,R). We denote the projected
class of each A ∈ SL(2,R) by A¯ and the projected Veech group by Γ¯ (R,φ) in
Abelian case.
2.2 Origamis
Origamis [10] are combinatorial objects which induce ”square-tiled” flat struc-
tures, whose Veech groups can be characterized as a projected image of a sub-
group of Aut(F2). They are good examples in the sense that they always produce
Teichmu¨ller curves defined over Q¯.
They are also studied in the context of the Galois action on combinatorial
objects as well as dessins d’enfants, a crucial result is given by Mo¨ller [11] and
some of study is described in [7].
Definition 2.9 An origami is a topological covering p : R→ E from a connected
oriented surface R to the torus E ramified at most over one point ∞ ∈ E. We
say two origamis Oj = (pj : Rj → E) (j = 1, 2) are equivalent if there exists a
homeomorphism ϕ : R1 → R2 such that p1 = p2 ◦ ϕ.
We consider the branch points of p as marked points.
Example 2.10 The origami shown in following figure is called L-shaped origami
L(2, 3). The surface R∗ is of type (2, 2) and Schmithus¨en [13] showed that the
Veech group of L(2, 3) is a non congruence group.
Fig. 1 L-shaped origami L(2, 3): edges with the same letters are glued.
In general an origami can be seen as a surface obtained by gluing finite unit
squares at edges in the way that natural coordinates z of squares give a globally
defined Abelian differential dz. Such a way of gluing is called an origami rule.
By a general theory of covering maps, we have following characterizations for an
origami similar to a dessin d’enfants. See [7] for details.
Proposition 2.11 An origami of degree d is up to equivalence uniquely deter-
mined by each of the following.
(a) An origami-rule for d unit square cells.
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(b) A finite oriented graph (V, E) such that |V| = d and every vertex has precisely
two incoming edges and two outgoing edges, with both of them consist of edges
labeled with x and y.
(c) A monodromy map m : F2 → Sd up to conjugation in Sd.
(d) A subgroup H of F2 of index d up to conjugation in F2.
Note that F2 = 〈x, y〉 is the free group generated by two elements. For each origami
we can consider an action F2
yV which comes from the monodromy.
A combinatorial characterization of the Veech group for an origami is given as in
the following lemma.
Lemma 2.12 (Schmithu¨sen [13, Lemma 2.8]) Let O = (p : R → E) be an
origami and H be the universal covering space of E∗ equipped with induced Abelian
differential ψ. Then there exists a subgroup Aut+(F2) of Aut(F2) and following
exact (in horizontal direction) and commutative diagram.
1 // Gal(H/E∗) 
 //
∼=

Aff+(H, ψ) D //
∼=

SL2(Z) //
∼=

1
1 // Inn(F2)
	
  // Aut+(F2) //
	
Out+(F2) // 1
Furthermore, the subgroup Aff+(H) < Aut+(F2) which corresponds to
Aff+(R∗, φ) < Aff+(H, ψ) in this diagram coincides with StabAut+(F2)(H).
Corollary 2.13 ([13, Corollary 2.9]) Γ (R∗, φ) is a subgroup of SL(2,Z) of
finite index.
Proof. An automorphism of F2 does not change an index of subgroup. So an
Aut+(F2)-orbit of H consists of F2-subgroups of common finite index. By propo-
sition 2.11 we see that such subgroups are origamis of common degree and hence
they are finite. uunionsq
Remark 2.14 A subgroup Γ < SL(2,Z) of finite index gives a finite covering
H/Γ¯ → H/PSL(2,Z) unramifed over the singularities of H/PSL(2,Z). This is
uniquely extended to a meromorphic function ramified over at most i, epii/3,∞ ∈
Cˆ. Hence Corollary 2.13 implies that the translation structure for an origami al-
ways gives a Teichmu¨ller curve which is a Belyi curve. The complex structure of
Teichmu¨ller curve of an origami can be written by its dessin d’enfants.
3 Characterization of Veech group
3.1 Decompositions with the φ-metric
Let R be a Riemann surface of finite analytic type and φ ∈ A(R).
The Euclidian metric lifts via φ-coordinates to a flat metric g(φ) on R. We call
this metric the φ-metric and geodesics of g(φ) the φ-geodesics. The φ-geodesics
are mapped to the geodesics of the complex plane (i.e. line segments) by the φ-
coordinates. Since coordinate transformations of a flat structure do not change the
slope of line segment, the slopes of the φ-geodesics are well-defined. For any α ∈ S1
the metrics g(φ), g(αφ) coincide and αφ-coordinates are products of φ-coordinates
and
√
α. So any φ-geodesic is a horizontal (slope 0) αφ-geodesic for some α ∈ S1.
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Definition 3.1
(a) The direction of a φ-geodesic γ is θ ∈ [0, pi) where γ is horizontal e2
√−1θφ-
geodesic.
(b) The φ-cylinder generated by a φ-geodesic γ is the union of all φ-geodesics
parallel (with same direction) and free homotopic to γ. We define the direction
of a φ-geodesic by the one of its generator.
(c) θ ∈ [0, pi) is Jenkins-Strebel direction of (R,φ) if almost every point in R lies
on some closed φ-geodesic of direction θ. We denote the set of Jenkins-Strebel
directions by J(R,φ).
Note that any Jenkins-Strebel direction of flat surface of finite analytic type is
finite, namely there are at most finitely many φ-cylinders of that direction in R.
For the existence of a holomorphic differential with one Jenkins-Strebel direction,
the following result is known.
Proposition 3.2 (Strebel [15]) Let γ = (γ1, ..., γp) be a finite ‘admissible’ curve
system on R, which satisfies bounded moduli condition for γ. Then for any b =
(b1, ..., bp) ∈ Rp+ there exists φ ∈ A(R) such that 0 is a Jenkins-Strebel direction
of (R,φ) and (R,φ) is decomposed into cylinders (V1, ..., Vp) where each Vj has
homotopy type γj and height bj.
By definition any affine map on (R,φ) maps all φ-geodesics to φ-geodesics. Let
f ∈ Aff+(R,φ) and D(f) = A¯ = [ a bc d ] ∈ PSL(2,R). Then f maps line segments
of direction θ ∈ [0, pi) to line segments of direction Aθ := arg(TA(e
√−1θ)). Using
the lemma in [1, p.56] we can see that f maps a φ-cylinder of modulus M to a φ-
cylinder of modulus M√
a2+c2
. Since the list of moduli of φ-cylinders of one direction
are uniquely determined up to order, we have following.
Lemma 3.3 Let θ ∈ J(R,φ) exist and [Mθ1 ,Mθ2 , ...,Mθnθ ] ∈ R+Pnθ−1 be the ratio
of moduli of the φ-cylinders of direction θ with Mθj ≥ Mθj+1 (j = 1, 2, ..., n − 1).
If A¯ ∈ PSL(2,R) belongs to Γ (R,φ) then for any direction θ ∈ J(R,φ) following
holds.
– Aθ ∈ J(R,φ)
– nAθ = nθ (=: n)
– [MAθ1 ,M
Aθ
2 , ...,M
Aθ
n ] = [M
θ
1 ,M
θ
2 , ...,M
θ
n] ∈ R+Pn−1
Next we add an assumption that φ has two finite Jenkins-Strebel directions θ1, θ2 ∈
J(R,φ). We can assume θ1 ≤ θ2 without loss of generality. In this case, R is ob-
tained by finite collections of parallelograms in the way presented in [2, Theorem2]
(in which we conclude R is finite analytic type even for more general settings). We
review that construction.
For i = 1, 2 let αi = e
√−1θi and W i1, ...,W
i
ni be the disjoint φ-cylinders of
direction θi which almost every point in R lies on. For each i, j by an analytic
continuation of local inverse of φ-charts we construct a holomorphic covering F ij :
Sij →W ij where Sij = {0 < Imz < hij} ⊂ C and Deck(F ij ) = 〈z 7→ z+ cij〉 for some
hij , c
i
j > 0. (Now c
i
j/h
i
j is the modulus of W
i
j .) By construction F
i∗
j (αiφ) = d(z
i
j)
2
holds for any φ-coordinate zij in W
i
j .
For any p ∈ S1j , there is a neighborhood U in which F 1j = F 2k ◦ f for some k
and some holomorphic function f : U → S2k. Now f∗(d(z2j )2) = f∗(F 2∗k (α2φ)) =
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Fig. 2 φ-cylinder W ij and covering F
i
j
F 1∗j (α2φ) = (α2/α1)d(z
1
j )
2 and this implies that f is of the form f(z1j ) = αz
1
j + β
where α ∈ {±√α2/α1 = ±e√−1(θ2−θ1)} and β ∈ C. Thus U is a subset of Vk =
{z1j ∈ S1j |αz1j + β ∈ S2k}. By analytic continuation we see that F 1j = F 2k (αz1j + β)
on Vk. If we replace p by p + mc
1
j for some m ∈ Z then F 1j = F 2k (αz1j + β′) still
holds on Vk +mc
1
j where β
′ = β−mαc1j . So the condition F 1j (z1j ) = F 2k (αz1j + β′)
on Vk for some β
′ ∈ C is preserved by covering transformations of F 1j .
Fig. 3 Parallelogram as an intersection of two φ-cylinders
The parallelogram Vk is mapped into W
2
k and so it does not intersect Vk′ with
k′ 6= k. Hence the parallelograms on which F 1j (z1j ) = F 2k (αz1j + β) fill the strip S1j
by translations in c1jZ. Similarly we have same statement for those parallelograms
with respect to the strips S2k. By choosing finite collections of those parallelograms
and gluing them at the points which are mapped to same point by F 1j or F
2
k , we
have a compact surface R˜. Finally we obtain R by removing at most finitely many
vertices of the parallelograms from R˜, as of finite analytic type.
We have made a decomposition of R into finite parallelograms {Vλ}λ∈Λ, where
for any λ there exists jλ, kλ such that F
1
jλ(Vλ) = F
2
kλ(Vλ) = W
1
jλ ∩W 2kλ . Now Vλ
has an angle θ = θ2− θ1 and a modulus Mλ = (h1jλ/h2kλ) sin θ for each λ. For each
θ1, θ2 ∈ J(R,φ) we call these parallelograms the (θ1, θ2)-parallelograms on (R,φ).
We remark that in above construction each embedding F 1jλ : Vλ ↪→ R of (θ1, θ2)-
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parallelogram is up to inter-decompositions with z 7→ ±z+ c uniquely determined
by jλ.
Any f ∈ Aff+(R,φ) with D(f) = A¯ ∈ PSL(2,R) maps each φ-cylinder of
direction θ to the one of direction Aθ. So for each θ1, θ2 ∈ J(R,φ) the (θ1, θ2)-
parallelograms are mapped to (Aθ1, Aθ2)-parallelograms. On the Euclidian plane,
the variation of modulus of (θ1, θ2)-parallelogram under an affine map with deriva-
tive A ∈ SL(2,Z) is described as scalar multiple by |TA(e
√−1θ2)|/|TA(e
√−1θ1)|.
The same argument can be said for each of (θ1, θ2)-parallelograms on (R,φ) and
we have following lemma.
Lemma 3.4 Let θ1, θ2 ∈ J(R,φ) and V be a (θ1, θ2)-parallelogram on (R,φ).
Then an affine map f ∈ Aff+(R,φ) with derivative A ∈ PSL(2,R) varies the
modulus M(V ) of V by the multiple of ρA,θ1,θ2 = |TA(e
√−1θ2)|/|TA(e
√−1θ1)|.
In particular, if (R,φ) is decomposed into (θ1, θ2)-parallelograms {Vλ}Nλ=1 then
(M(f(V1)),M(f(V2)), ...,M(f(VN ))) = ρA,θ1,θ2 ·(M(V1),M(V2), ...,M(VN )) holds.
Furthermore the structure how the edges of those parallelograms are glued is
preserved by a homeomorphism f . In the next section we construct a combinatorial
characterization to present this situation more precisely.
3.2 F2−action to parallelograms
We continue the assumptions of (R,φ) and notations as in last section.
Fix signs of embeddings F 1jλ : Vλ ↪→ R of (θ1, θ2)-parallelograms for each jλ. We
construct a group Gˆ which represents how the (θ1, θ2)-parallelograms {Vλ} are
glued.
For each λˆ = (λ, ε) ∈ Λ × {±1}, fix some interior point pλˆ ∈ Vλ and take a
segment γλˆ to the direction ε (resp. εe
√−1θ) from pλˆ to the boundary point p
′
λˆ
∈
∂Vλ. We take unique λ
′ ∈ Λ so that F 1jλ(p′λˆ) = F 1jλ′ (q) (resp. F 2kλ(p′λˆ) = F 2kλ′ (q))
for some q ∈ ∂Vλ′ and ε′ ∈ {±1} so that ε = ε′ (resp. F 2kλ◦(F 2kλ′
∣∣
U
)−1(z) = εε′z+c
on some neighborhood U of q for some c ∈ C). Further we define x(λ, ε) (resp.
y(λ, ε)) by (λ′, ε′). Then we will see that F2, the free group generated by x, y acts
on Λˆ := Λ× {±1}.
Lemma 3.5 x, y : Λˆ → Λˆ are bijective. A symmetry σ(λ, ε) = σ−1(λ,−ε) holds
for any σ = x, y and (λ, ε) ∈ Λˆ. Furthermore, φ is Abelian if and only if y fixes the
signs of elements in Λˆ or equivalently the action F2
yΛˆ descends via the projection
p1 : Λˆ→ Λ.
Proof. We define x−1, y−1 : Λˆ → Λˆ as same as x, y except for the direction of γλˆ
for each λˆ, with it reversed. Then they give inverse maps in the sense of λ ∈ Λ
at least. For each λˆ = (λ, ε), y(λˆ) = (λ′, ε1), and y−1 ◦ y(λˆ) = (λ, ε2), ε = ε1
if and only if coordinate transformations around the edge between Vλ and Vλ′ is
of the form z 7→ −z + c, thus it is equivalent to ε2 = ε. So ε1 = ε2, x−1, y−1
give inverse maps indeed. We can see easily from the construction that σ = x, y
satisfies σ(λ, ε) = σ−1(λ,−ε) · · · (∗).
We made (θ1, θ2)-parallelograms {Vλ} to be glued so that there is no edge in
the direction θ1 where coordinate transformations are of the form z 7→ −z + c. So
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Fig. 4 F2-action: In this case we have x(λ1, 1) = (λ2, 1), y(λ1, 1) = (µ, 1), x(ν1, 1) = (ν2, 1),
and y(λ1, 1) = (λ2,−1). If we choose another sign of embedding of one cylinder of direction
θ1, the signs of elements in that cylinder will be alternated.
φ is Abelian if and only if there is no edge in the direction θ1 like that, equivalently
y fixes the signs of elements in Λˆ. By the formula (∗) this is equivalent to that the
action F2
yΛˆ descends via p1 : Λˆ→ Λ. uunionsq
We denote the homomorphism which gives the action F2
yΛˆ by mˆ : F2 →
Sym(Λˆ), mˆ(w) = mˆw for each w ∈ F2, and Gˆ = 〈mˆx, mˆy〉 < Sym(Λˆ). In the
case that φ is Abelian, we also denote ones of the projected action F2
yΛ by
m : F2 → Sym(Λ), m(w) = mw, and G = 〈mx,my〉 < Sym(Λ).
Let R∗ be the surface obtained by puncturing R at all the points which are
vertices of the (θ1, θ2)-parallelograms. Let Rˆ be the translation surface given by
taking a double of R∗ like non-oriented origamis. Rˆ is decomposed into the (θ1, θ2)-
parallelograms {Vλˆ}λˆ∈Λˆ, with the action of F2 as above giving Λˆ as ‘Λ’ and Gˆ as
‘G’. If φ is not Abelian Rˆ is the surface given by an analytic continuation of locally
defined Abelian differential dz on R∗.
Proposition 3.6 Let φ be Abelian, λ0 ∈ Λ, and p0 ∈ Vλ0 . Then we have following.
(a) H = HG := StabF2(λ0) < F2 is isomorphic to pi1(R, p0).
(b) There is a 1-1 correspondence between F2/HG and Λ.
(c) G acts transitively on Λ.
Proof. For any path C in R∗, we can take a path LC which is a product of finite
line segments of direction θ1 or θ2 joining neighboring parallelograms so that C,C
′
are homotopic with fixed endpoints. We define wC ∈ F2 to correspond to the order
of segments in LC , by replacing segments in the direction θ1, θ2 by x, y respectively.
For each w ∈ F2 we take a path Lw in R∗ starting from p0 to some point
in Vmw(λ0), composed of line segments in the direction θ1, θ2 joining neighboring
parallelograms whose order respects the one of x, y in w. Lw is uniquely determined
up to variation of the end point in the parallelogram and homotopy with fixed
endpoints. We define a homomorphism Φ : F2 → Λ by w 7→ Φ(w) where the
end point of Lw belongs to VΦ(w). Now the kernel of Φ is HG. So we have an
isomorphism between H and pi1(R, p0) by taking Lw for each w ∈ H so that the
endpoint of LC is p0. So (a),(b) follows.
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For any λ, λ′ ∈ Λ there is a path C joining Vλ and Vλ′ since R∗ is connected.
We see w ∈ F2 has an action defined by the segments of LC , sending λ to λ′. Thus
(c) holds. uunionsq
3.3 Characterization of surfaces
We consider what condition is needed for parallelograms {Vλ}λ∈Λ and a permu-
tation group Gˆ = 〈mˆx, mˆy〉 < Sym(Λˆ) to form a flat surface where they are the
total (θ1, θ2)-parallelograms and the one given by the action F2
yΛˆ respectively.
First we continue the assumptions for the decomposition of (R,φ). For each
parallelogram V◦, we denote the modulus by M◦ and the area by S◦. By the
construction of Rˆ the parallelograms Vλ in R
∗ and V(λ,1), V(λ,−1) in Rˆ coincide by
translation. In this sense we define h(λ,·) := hλ for each λ ∈ Λ. We have Mλ =
(h2k/h
1
j ) sin θ, Sλ = (h
1
jh
2
k) sin θ, h
1
j = h
1
mˆx(j,ε)
, h2k = h
2
mˆy(k,ε)
, and in particular
following condition for the decomposition of (R,φ) into (θ1, θ2)-parallelograms.
Lemma 3.7 For each λˆ ∈ Λˆ, Smˆx(λˆ) =
Mλˆ
Mmˆx(λˆ)
Sλˆ and Smˆy(λˆ) =
Mmˆy(λˆ)
Mλˆ
Sλˆ.
Conversely we consider Λ = {1, 2, ..., N} for N ∈ N, Λˆ = Λ × {±1}, and an
arbitrary pair of M = [M1,M2, ...,MN ] ∈ R+PN−1 and Gˆ = 〈mˆx, mˆy〉 < Sym(Λˆ).
We assume the symmetry of Gˆ as the formula in Lemma 3.5. An N -tuple of
parallelograms V = (V1, V2, ..., VN ) with moduli list M is uniquely determined up
to congruence by an area list S = (S1, S2..., SN ) ∈ RN+ . For each w ∈ F2 and
λˆ ∈ Λˆ, the formulae in Lemma 3.7 defines the unique area Smˆw(λˆ)(λˆ, w) which
is necessary for Vp1(mˆw(λˆ)) to be glued via the path Lw on the rule given by Gˆ,
with a flat structure naturally given. For V to form (R,φ) with the action of F2
given by Gˆ, the area Smˆw(λˆ)(λˆ, w) should depend only on λ := p1(mˆw(λˆ)) and
determine Sλ.
Let γ−I be the automorphism of F2 defined by (x, y) 7→ (x−1, y−1). We denote
−(λ, ε) := (λ,−ε) for each (λ, ε) ∈ Λˆ. Similar to Proposition 2.11 the condition
for Gˆ = 〈x,y〉 to give an origami which comes from the double cover of some flat
surface as before is characterized by conditions for ‘monodromy map’ mˆ. That is,
(a) (symmetry) mˆw(λˆ) = −mˆγ−I(w)(λˆ) for any λˆ ∈ Λˆ and w ∈ F2,
(b) (non-branching) y(λˆ) 6= −λˆ for any λˆ ∈ Λˆ, and
(c) (connectivity) the action GˆyΛˆ is transitive with respect to first ingredients.
Definition 3.8 Let N ∈ N, Λ = {1, 2, ..., N}, Λˆ = Λ× {±1}, M = [M1,M2, ...,
MN ] ∈ R+PN−1, and mˆ : F2 → Sym(Λˆ) be a homomorphism with three condi-
tions stated above. We define KO = KM,Gˆ : Λˆ× F2 → R by following.
– KO( · , 1) = 1.
– For any λˆ ∈ Λˆ, KO(λˆ, x) = MλˆMmˆx(λˆ) and KO(λˆ, y) =
Mmˆy(λˆ)
Mλˆ
.
– For any w1, w2 ∈ F2 and λˆ ∈ Λˆ, KO(λˆ, w1w2) = KO(λˆ, w1)KO(mˆw1(λˆ), w2)
We call O = (M, Gˆ = 〈x,y〉) an extended origami of degree N if M ∈ R+PN−1,
Gˆ < S2N with (x,y) = (mˆ(x), mˆ(y)) for some mˆ as above, and KO(1, w) = 1 for
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all w ∈ HGˆ. Extended origamis Oi = (M i = [M i1,M i2, ...,M iN ],
Gi = 〈xi,yi〉) (i = 1, 2) of order N are isomorphic if there is a pair (Φ, σ) of
Φ : G1 → G2 and σ ∈ S2N such that
(a) Φ : Gˆ1 → Gˆ2 is an isomorphism with (Φ(x1), Φ(y1)) = (x2,y2),
(b) [M1p1◦σ(1),M
1
p1◦σ(2), ...,M
1
p1◦σ(N)] = [M
2
1 ,M
2
2 , ...,M
2
N ], and
(c) σ(mˆw(λˆ)) = mˆΦ(w)(σ(λˆ)) for each λˆ ∈ Λˆ, w ∈ Gˆ.
We call (Φ, σ) an isomorphism between extended origamis O1 and O2.
By the symmetry of Gˆ, if g ∈ Gˆ contains a cycle (λˆ1λˆ2...λˆn) then it also contains
the cycle (−λˆn− λˆn−1...− λˆ1). From now on we omit half of the cycles in x,y ∈ Gˆ
and denote (λ, 1), (λ,−1) ∈ Λˆ by λ, λ− respectively.
Theorem 3.9 A compact flat surface (R,φ) with a pair of two distinct Jenkins-
Strebel directions (θ1, θ2) ∈ J(R,φ)2 is up to isomorphism uniquely determined by
a triple P (R,φ, (θ1, θ2)) = (Θ, k,O) where Θ = (θ1, θ2) ∈ [0, pi)2 with θ1 6= θ2,
k > 0, and O is an extended origami.
Proof. Aa we have already seen the decomposition of (R,φ) into directions (θ1, θ2)
determines an extended origami O. We take k > 0 as the modulus of parallelogram
labelled with 1 ∈ Λ.
Conversely if an extended origami O = (M = [M1,M2, ...,MN ], Gˆ = 〈x,y〉)
of degree N ∈ N, k > 0, and (θ1, θ2) ∈ [0, pi)2 with θ1 6= θ2 are given, then
we can construct a flat surface (R,φ) with O(R,φ, (θ1, θ2)) = O1 as follows.
We take an N -tuple of Euclidian (θ1, θ2)-parallelograms with the moduli list
k/ΣMλ · (M1,M2, ...,MN ). We glue them by the rule given by Gˆ, so that x,y
correspond to each segments of direction θ1, θ2 respectively. Let R be the result-
ing surface and R∗ be surface given by puncturing R at all the vertices. Now
natural coordinates z given by those parallelograms (as well origamis) define the
quadratic differential φ = dz2 on R∗, for which those parallelograms are (θ1, θ2)-
parallelograms. φ is uniquely extended to R. It is clear that flat surfaces with
isomorphic P-decompositions are isomorphic.
If two extended origamis O1,O2 of same order give isomorphic flat surfaces
(R,φ), (S, ψ) under common (θ1, θ2) and k, then there exists a locally affine qua-
siconformal homeomorphism f : R → S with derivative [I]. f descends to a map
between (θ1, θ2)-parallelograms on R and S of the form z 7→ ηz+c. This representa-
tion can be extended to each cylinder and η ∈ {±1} is unique for each cylinders of
direction θ1. We define σ(λ, ε) = (λ
′, ηε) where λ-th parallelogram on R is mapped
to λ′-th parallelogram on S, which preserves the ratio of moduli. For each (λ, ε) ∈ Λˆ
geodesics starting from λ-th parallelogram used to define mˆx(λ, ε), my(λ, ε) are
mapped to ones for mˆx(σ(λ, εη)), mˆy(σ(λ, εη)) respectively. Thus an isomorphism
between permutation groups of O1,O2 is induced as (x1,y1) 7→ (x2,y2) and to
be compatible with σ, finally we have an isomorphism between O1 and O2. uunionsq
Definition 3.10 We call P (R,φ, (θ1, θ2)) = ((θ1, θ2), k,O) in Theorem 3.9 a P-
decomposition of (R,φ) into directions (θ1, θ2). For a P-decomposition ((θ1, θ2), k,O)
and A¯ ∈ PSL(2,Z), we define A¯·((θ1, θ2), k,O) by the P-decomposition ((Aθ1, Aθ2),
ρA,θ1,θ2k,O). We say two P-decompositions (Θj , kj ,Oj) (j = 1, 2) are isomorphic
if Θ1 = Θ2, k1 = k2, and O1 is isomorphic to O2.
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Example 3.11 Θ = Θ0 := (0,
pi
2 ), k = 1, and an extended origami with M =
1 := [1, 1, .., 1] give a P-decomposition corresponding to an origami, which is a
double covering of original surface.
Let us consider a flat surface as shown in Fig. 5. This figure determines a flat
surface (R,φ) of type (1, 6). The orders of φ are −1 at three points, 0 at two
points, and 4 at one point.
Fig. 5 (R, φ): Edges with the same symbols are glued.
Now the extended origami comes from N = 6, M = 1, x1 = (1234)(5)(6), and
y1 = (156
−4−)(23−). We take the signs of directions of horizontal cylinders in the
way shown in Fig.6.
Fig. 6 Extended origami O1: x1 = (1234)(5)(6), y1 = (156−4−)(23−)
If we reverse the sign of horizontal cylinder containing the cell labelled with
6, as in right side of Fig.7, the extended origami has x2 = (1234)(5)(6) and y2 =
(1564−)(23−). It is isomorphic to (M, 〈x1,y1〉) under 6 ↔ 6−. Similarly if we
reverse the signs of all horizontal cylinders, as in left side of Fig.7, we will have an
isomorphism given by λˆ 7→ −λˆ.
An affine map on (R,φ) with derivative A¯ gives a correspondence between the
initial decomposition P (R,φ, (θ1, θ2)) and the terminal decomposition P (R,φ, (Aθ1,
Aθ2)) as we stated in Lemma 3.3 and Lemma 3.4. By Theorem 3.9 the existence
of such an affine map is described as the possibility of decomposition and the
correspondence of those P-decompositions. So we conclude as follows.
Theorem 3.12 Let (R,φ) be a flat surface with two distinct Jenkins-Strebel di-
rections θ1, θ2 ∈ J(R,φ). A¯ ∈ PSL(2,R) belongs to Γ (R,φ) if and only if Aθ1, Aθ2
belongs to J(R,φ) and P (R,φ, (Aθ1, Aθ2)) is isomorphic to A · P (R,φ, (θ1, θ2)).
14 Shun Kumagai
Fig. 7 Extended origamis O2, O3: Both of them are isomorphic to O1.
Remark 3.13
(a) Theorem 3.9 also holds for surfaces of finite analytic type with no vertices of
(θ1, θ2)-parallelograms contained in R. In the proof R is obtained by filling in
all the punctures of R∗. The same can be said for Theorem 3.12, which implies
that if A ∈ Γ (R,φ) then the set of vertices of (Aθ1, Aθ2)-parallelograms on
(R,φ) should coincide with the one of (θ1, θ2)-parallelograms.
(b) For two P-decompositions P (Ri, φi, Θi) = (Θi, ki,Oi) (i = 1, 2) of flat surfaces,
the isomorphism between O1,O2 implies that we can take an affine quasicon-
formal homeomorphism g : R1 → R2 as in the proof of Theorem 3.9. The
local derivative of g is the one of affine map on Euclidian plane which maps
Θ1-parallelogram of modulus k1 to Θ2-parallelogram of modulus k2, which is
unique matrix up to signs. g∗(f) := g ◦ f ◦ g−1 defines an isomorphism g∗ :
Aff+(R1, φ1)→ Aff+(R2, φ2) and we will see that Γ (R2, φ2) = AΓ (R1, φ1)A−1
where A ∈ PSL(2,R) is the derivative of g, which is defined as same as ones
of affine maps.
Example 3.14 We consider the flat surface in Example 3.11, which has the P-
decomposition (Θ0, 1,O = (1, 〈x,y〉)) where x = (1234)(5)(6), y = (156−4−)(23−).
T¯ = [ 1 10 1 ] ∈ PSL(2,Z) gives the extended origami defined by xT = (1234)(5)(6),
and yT = (12
−3564−), which cannot coincide with x,y under any permutation of
cells. On the other hand, we see that T¯ 2 = [ 1 20 1 ] ∈ PSL(2,Z) gives an extended
origami OT 2 isomorphic to O. So T¯ 6∈ Γ (R,φ) and T¯ 2 ∈ Γ (R,φ).
Fig. 8 OT is not isomorphic to O and OT2 is isomorphic to O
Example 3.15 We show examples whose moduli lists are not rational.
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(a) For n ≥ 2, a translation surface coming from a regular 2n-gon P2n (and its
translation coverings) is studied in [2] and [14]. It is obtained by gluing P2n
at all opposite edges. Its Veech groups is known to be the group generated by
T2n =
(
1 cot pi
2n
0 1
)
and R2n =
(
cos pi
n
− sin pi
n
sin pi
n
cos pi
n
)
.
This can be seen as in Fig.9 for n = 4. Now the moduli ratio comes from
[1, 1, 1,
√
2,
√
2, 1√
2
, 1√
2
].
Fig. 9 Translation surface coming from P8 and its P-decompositions
(b) We next consider a flat surface obtained from P2n in the following way. We
divide all edges of P2n in half and glue each of them to the adjacent edge in the
same direction. As in Fig.10 we can do the same observation for decompositions
as (a) and so the Veech group includes 〈T2n, R2n〉.
Fig. 10 Flat surface coming from P8 and its P-decompositions
Furthermore, any affine map lifts via the canonical double covering, which is
a translation covering of surface in (a). With results in [14] we see that the
Veech group is contained in 〈T2n, R2n〉, and hence equals to it.
3.4 Further observations
Next we consider a finite set V of additional marked points in R. We assume
R is already punctured at all points in V . We take the decomposition of R into
(θ1, θ2)-parallelograms and obtain O = (M, Gˆ).
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As same as origamis (see e.g. [6]), there is a 1-1 correspondence between cycles
in mˆxyx−1y−1 ∈ Gˆ and vertices of (θ1, θ2)-parallelograms in Rˆ. We call a cycle in
mˆxyx−1y−1 ∈ Gˆ an Oˆ-vertex. Two Oˆ-vertices v1, v2 correspond to the same point
in R if and only if they coincide under the double cover Rˆ→ R∗, that is v2 equal
to v1 or its sign inversion. We say such Oˆ-vertices v1, v2 are conjugate, and call
the conjugacy class of an Oˆ-vertex an O-vertex. For each σ ∈ S2N and Oˆ-vertex
v, we denote by σ∗v the cycle obtained by applying σ to each element in v. We
call a pair (O,V) of an extended origami O and a set V of O-vertices a marked
extended origami.
For (R,φ), θ1, θ2 ∈ J(R,φ), and a set V of finite marked points in R we
have a P-decomposition P (R,φ, (θ1, θ2), V ) := (Θ, k, (O,V)) where (Θ, k,O) =
P (R,φ, (θ1, θ2)) and V is the set of O-vertices corresponding to V .
Remark 3.16 Theorem 3.9 can be extended to the general cases of flat surface of
finite analytic type by replacing extended origamis with marked extended origamis.
In this sense we also call P (R,φ, (θ1, θ2), V ) a P-decomposition (with marked
points). We define isomorphism of marked extended origamis next.
Consider an affine map f ∈ Aff+(R,φ) with derivative A¯. We have Aθ1, Aθ2 ∈
J(R,φ) and let (N,ϕ, (OA,VA)) := P (R,φ, (Aθ1, Aθ2), V ). By Theorem 3.12 there
is an isomorphism (Φ, σ) between O,OA By the construction given in the proof, σ
represents how f maps each (θ1, θ2)-parallelograms to (Aθ1, Aθ2)-parallelograms.
For each [v] ∈ V by definition 3.8 (c) [σ∗v] ∈ VA and it corresponds to the image
of the point in V corresponding to [v].
We say two marked extended origamis (Oi,Vi) (i = 1, 2) are isomorphic if
there is an isomorphism (Φ, σ) between O1,O2 and [v] 7→ [σ∗v] gives a well-
defined bijection V1 → V2. In such a case for each [v] ∈ V the number of elements
in [v], [σ∗v] coincide and the corresponding vertices have the same valency even in
R. So permutations among marked points and critical points in (R,φ) appear at
most in the classes of same valencies.
With fixed θ1, θ2 ∈ J(R,φ), an affine map on a flat surface (R,φ) of finite
analytic type is characterized as one of (R∗, φ) extended to stabilize ∂R ⊂ ∂R∗
setwise. So we have following.
Theorem 3.17 Let (R,φ) be a flat surface of finite analytic type with two distinct
Jenkins-Strebel directions θ1, θ2 ∈ J(R,φ). A¯ ∈ PSL(2,R) belongs to Γ (R,φ) if
and only if Aθ1, Aθ2 belongs to J(R,φ) and A ·P (R,φ, (θ1, θ2), ∂R) is isomorphic
to P (R,φ, (Aθ1, Aθ2), ∂R).
Corollary 3.18 Let R be a Riemann surface of finite analytic type and φ ∈ A(R¯).
If for any p ∈ ∂R all critical points of φ of order ordp(φ) are contained in ∂R,
then Γ (R,φ) = Γ (R¯, φ). In particular, if there exists a P-decomposition of (R,φ)
whose moduli ratio is rational then (R,φ) induces a Teichmu¨ller curve which is a
Belyi surface.
Proof. The former claim follows from above observations immediately.
By taking a set W of sufficiently many additional marked points one can obtain
a P-decomposition with all parallelograms congruent. Up to conjugation in affine
deformations we may assume that P (R,φ,Θ0, ∂R ∪ W ) = (Θ0, 1, (1, ·)). Since
developed images in the plane of ∂R,W are infinite sets contained in Z+
√−1Z,
we have Γ (R\W,φ) < Γ (R,φ) < PSL(2,Z). (see [13, Propositioin 2.6] for details.)
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For any A ∈ PSL(2,Z), P (R,φ,AΘ0, ∂R ∪ W ) is of the form (Θ0, 1, (1, ·))
again. Now the number of cells equals to the one of P (R,φ,Θ0, ∂R ∪ W ) and
the number of such decompositions are finite. So Γ (R \ W,φ) is a subgroup of
PSL(2,Z) of finite index and so is Γ (R,φ). We have conclusion. uunionsq
Example 3.19 Let us consider the flat surface with 4 distinguished marked points
a, b, c, d as shown in the left of Fig.11. If we decomposed it into Θ0, the extended
Fig. 11 P-decompositions with distinguished marked points
origami O = (1, 〈x,y〉) is given by x = (12) and y = (12−). Now xyx−1y−1 =
(1)(2)(1−)(2−) and points a, b, c, d correspond to cycles (1−), (2−), (1), (2) respec-
tively. (For instance a path xyx−1y−1 from cell 1 goes around the vertex c.)
For T¯ = [ 1 11 0 ], S¯ =
[
0 −1
1 0
] ∈ PSL(2,Z), decompositions into TΘ0, SΘ0
gives extended origamis OT , OS which are isomorphic to O. On the other hand
the correspondences between vertices and cycles are described as (a, b, c, d) ↔
((1−), (2−), (2), (1)) in OT and (a, b, c, d) ↔ ((1−), (2), (1), (2−)) in OS . They
cannot be mapped by any isomorphism of extended origami each other and thus
they differ as marked extended origamis. Further we can see that the situations in
OT 2 , OTS , OST coincide with O, OT , OS respectively.
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